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10 Comparing inductive solutions

§ 10.1 Preliminaries

q10.1.1 Definitions [universal and partial closures] For each formula ¢(ay,...,a,)
in any language:

(a) The universal closure of ¢ is:

Co =Voy,...,ap, ¢.

(b) The a;-free partial closure of ¢ is:

C—ai(p = Valr ey 015 Ay 1y ey Ay P

q 10.1.2 Definition [parameter-free induction axioms] For each language
L of arithmetic, for each L-formula ¢(a;,...,a,), and for each variable «,
the parameter-free induction axiom for ¢ in o is:

I(g, ) = (C_a)[0/a] AVa(C_gz9 — (C_yp)[ex +1/a]) — Co.

q 10.1.3 Definition [parameter-free induction schemas] For each language
L of arithmetic, the parameter-free induction scheme for L is:

(L) :=={I(p,a) : ¢ L-formula, a variable }.
q10.1.4 Definitions [inductive formulas] For each language L of arithmetic
and for each L-theory T

(a) An L-formula ¢(«) is inductive relative to T' (alternatively: ¢ is
T-inductive) if and only if:

T,1(p,a) - Va p(a).

(b) An L-formula ¢(ay,...,a,) is inductive relative to T' (alternatively:
¢ is T-inductive) if and only if C_,¢ is inductive relative to T' for
some « in {oy, ..., o, }.

240



€ 10.1.5

§ 10.2

q€10.2.1

10 Comparing inductive solutions

Definition [inductive solutions] For each language L of arithmetic
and for each L-theory T: an L-formula ¢ is an inductive solution for an
L-formula ¢ relative to T' (alternatively: ¢ is a T-inductive solution for
@) if and only if: o

— ¢ is inductive relative to T'; and

- T+ C¢ — Co.

Introduction

The purpose of this short chapter is to motivate the terminology ‘non-
straightforward induction proof’. As remarked earlier, in actual math-
ematical practice the terminology used is seldom something like ‘non-
straightforward induction proof’ but almost always something like:

— ‘proof by strengthening one’s induction hypothesis’; or
— ‘(inductive) proof by generalization (of the statement to be proved)’.

And indeed, when a working mathematician encounters an arithmetic
fact F' seemingly requiring a non-straightforward proof it is almost al-
ways the case that:"

— F is sensibly modeled by the universal closure of a formula ¢ in some
language L of arithmetic;

— the facts our working mathematician has at its disposal are sensibly
modeled by an L-theory T of arithmetic;

— ¢ is non-inductive relative to T';

— a natural non-straightforward proof of F' is sensibly modeled by a
T-inductive solution ¢ for ¢;

— ¢ is stronger than ¢ in an obvious sense—we typically have

THCY —9)

I here disregard those cases where a non-straightforward proof of F' proceeds by
straightforward induction after one or more lemmas each has been proved by in-
duction. Me disregarding these cases does not affect the point made, since many
non-straightforward induction proofs do not proceed like that.
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q10.3.1

€ 10.3.2
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T ¥ C(p — ¢),
or at least

THCy—Co
T ¥ Cp — Co.

While perhaps not representing everyday mathematical practice, there
are nonetheless theories T' of arithmetic with T-non-inductive formulas ¢
having T-inductive solutions ¢ such that, in a precise and sensible sense,
¢ is not stronger relative to T' than ¢. Thus a more general terminology—
such as ‘non-straightforward induction proof’'—is motivated.

I present two facts in this chapter—one due to Hetzl and Wong (2018)
and one due to Eric Johannesson (Johannesson and Lundstedt, 2026).
Both facts show that there are theories T' of arithmetic with T-non-
inductive formulas ¢ having T-inductive solutions ¢ such that, in a
precise and sensible sense, ¢ is not stronger relative to T' than ¢.

Some ways to compare the logical strength
of first-order formulas
In our manuscript in preparation, Eric Johannesson and I (2026) provide

many ways to compare the strength of first-order formulas. For present
purposes, the following definitions suffice.

Definitions For each language L, for each L-theory T, for each vari-
able «, and for all L-formulas ¢ and ¢:

(a) ¢ is at least as T-strong in « as ¢, and ¢ is at least as T-weak in
o as ¢, if and only if:

TEVa: C_,o — C_,¢.

(b) ¢ is (strictly) T-stronger in o than ¢, and ¢ is (strictly) T-weaker
in o than ¢, if and only if:

ThHVa: C_p — C_ ¢
T ¥Va: C_ ¢ — C_,0.
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10 Comparing inductive solutions

(c) ¢ and ¢ are T-incomparable in « if and only if:

T ¥Va: C_,o — C_ ¢
T ¥Va: C_y¢p — C_,0.

q 10.3.3 Remark As should be obvious and expected, for each theory 7' and
for each variable a:
‘— is at least as T-strong in o as —’

and
‘— is at least as T-weak in o as —’

are dual non-strict partial orders; and
‘—is T-stronger in o than —'

and
‘— is T-weaker in « than —’

are the respective correspondingly induced dual strict partial orders; and

‘— and — are T-incomparable in o’

is the correspondingly induced incomparability relation.

§ 10.4 Inductive solutions that are not stronger
than the formula they are an inductive
solution for

q10.4.1 The following fact is a straightforward generalization of Hetzl and Wong’s (2018)
Proposition 3.2. Their formulation only applies to PA™, but their proof
works for any theory of arithmetic.

q 10.4.2 Fact [Hetzl and Wong (2018)] For each language L of arithmetic
and for each L-theory T of arithmetic such that T' p# I(L) there is an
L-formula ¢(z) such that:

— ¢ has a T-inductive solution; and

— each T-inductive solution ¢(z) for ¢ is T-weaker in z than ¢.
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q 10.A.1
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Proof § 10.A.

The following facts are due to Eric Johannesson. Definitions 4.2.2.2,
of which Definition 4.2.2.2(a) is restated in § 10.B, define ‘L°%’ and
‘PA~’, but for understanding the present relevance of Eric’s discoveries,
it suffices to know that £OF is a language of arithmetic and that PA~
is a theory of LOF-arithmetic (Fact 4.2.2.4).

Facts [Johannesson and Lundstedt (2026)] There are £L°F-formulas
¢1(z), p,(z) and ¢(z) such that:

(a) ¢ is a PA™-inductive solution for ¢,, and ¢ is PA~-weaker in z
than ¢;.

(b) ¢ is a PA~-inductive solution for ¢,, and ¢ and ¢, are PA~-
incomparable in z.

Proofs § 10.B.

Hetzl and Wong’s proof of Fact 10.4.2

Fact 10.4.2 (restated) For each language L of arithmetic and for
each L-theory T of arithmetic such that T }# I(L) there is an L-formula
@(z) such that:

— ¢ has a T-inductive solution; and

— each T-inductive solution ¢(z) for ¢ is T-weaker in z than ¢.

Just as the above fact is a straightforward generalization of Hetzl and
Wong's (2018) Proposition 3.2, the following proof is a straightforward
generalization of their proof of that result.

Proof [of Fact 10.4.2] Pick an L-sentence o that is provable by T' +
I(L) but not by T (by assumption there are such sentences). Consider

p(z) =ocVz#0.

Clearly ¢ has a T-inductive solution, since T'+ I(L) |- o.
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It remains to show that each T-inductive solution ¢(z) for ¢ is T'-
weaker in z than ¢. We show the equivalent that there is no T-inductive
solution ¢(z) for ¢ that is at least as T-strong in z as ¢.

Suppose, towards a contradiction, that we have a ¢(z) such that: (1) ¢
is a T-inductive solution for ¢; and (2) ¢ is at least as T-strong in z as
@. Then by (1):

®3) T + ¢(0).
Then by (2) (that is, by T' + Vz : ¢(z) — ¢(z)) and (3):
M T + (0).

This is is a contradiction since we have an L-model M £ T A —o since
T ¥ o by assumption, and then M } ¢(0)—contradicting (!).

A problem I have not managed to solve is whether we may generalize
Fact 10.4.2 to allow for inductive solutions with an arbitrary set of free
variables.

Open problem? For each language L of arithmetic and for each L-
theory T' of arithmetic such that T' }¢ I(L), is there an L-formula ¢(z)
such that:

— ¢ has a T-inductive solution; and

— each T-inductive solution for ¢ is T'-weaker in z than ¢.

Eric Johannesson’s proofs of Facts 10.4.5
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